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Abstract: For a positive integer k, a k-rainbow dominating function (kRDF) on
a digraph D is a function f from the vertex set V (D) to the set of all subsets
of {1, 2, . . . , k} such that for any vertex v with f(v) = ∅,
⋃
u∈N−(v) f(u) =
{1, 2, . . . , k}, where N−(v) is the set of in-neighbors of v. The weight of a kRDF
f is defined as
∑
v∈V (D) |f(v)|. A kRDF f on D with no isolated vertex is called
a total k-rainbow dominating function if the subdigraph of D induced by the set
{v ∈ V (D) : f(v) 6= ∅} has no isolated vertex. The total k-rainbow domination
number is the minimum weight of a total k-rainbow dominating function on
D. In this paper, we establish some bounds for the total k-rainbow domination
number and we give the total k-rainbow domination number of some digraphs.
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1 Introduction
Throughout this paper, D = (V (D), A(D)) denotes a finite digraph with neither
loops nor multiple arcs (but pairs of opposite arcs are allowed). For two vertices
u, v ∈ V (D), we use (u, v) to denote the arc with direction from u to v, that
is, u is adjacent to v, and we also call v an out-neighbor of u and u an in-
neighbor of v. For v ∈ V (D), the out-neighborhood and in-neighborhood of v,
denoted by N+D (v) = N
+(v) and N−D (v) = N
−(v), are the sets of out-neighbors
and in-neighbors of v, respectively. The closed out-neighborhood and closed in-
neighborhood of a vertex v ∈ V (D) are the sets N+D [v] = N
+[v] = N+(v) ∪ {v}
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and N−D [v] = N
−[v] = N−(v) ∪ {v}, respectively. In general, for a set X ⊆
V (D), we denote N+D (X) = N
+(X) =
⋃
v∈X N
+(v) and N+D [X] = N
+[X] =⋃
v∈X N
+[v]. The out-degree and in-degree of a vertex v ∈ V (D) are defined
by d+D(v) = d
+(v) = |N+(v)| and d−D(v) = d
−(v) = |N−(v)|, respectively. The
maximum out-degree, maximum in-degree, minimum out-degree and minimum
in-degree among the vertices of D are denoted by ∆+(D) = ∆+, ∆−(D) = ∆−,
δ+(D) = δ+ and δ−(D) = δ−, respectively.
A directed star Sn is a digraph of order n ≥ 2 with vertex set {v0, v1, . . . , vn−1}
and arc set {(v0, vi) : 1 ≤ i ≤ n − 1}, where v0 is the center of Sn. A leaf of a
digraph D is a vertex of out-degree 0 and in-degree 1, while a support vertex of
D is a vertex adjacent to a leaf. A set S ⊆ V (D) is a packing of a digraph D
if N+[u] ∩N+[v] = ∅ for any two distinct vertices u, v ∈ S. The private neigh-
borhood pn(v, S) of v ∈ S ⊆ V (D) is defined by pn(v, S) = N+(v)\N+(S\{v}).
Each vertex in pn(v, S) is called a private neighbor of v. For two vertex subsets
X and Y of a digraph D, if Y ⊆ N+[X], then we say that X dominates Y . For
a subset S of vertices of D, we denote by D[S] the subdigraph induced by S.
Let D1 = (V1, A1) and D2 = (V2, A2) be two digraphs with disjoint vertex
sets V1 and V2 and disjoint arc sets A1 and A2, respectively. The Cartesian
product D1D2 is the digraph with vertex set V1× V2 and for (x1, y1), (x2, y2) ∈
V (D1D2), ((x1, y1), (x2, y2)) ∈ A(D1D2) if and only if either (x1, x2) ∈ A1
and y1 = y2, or x1 = x2 and (y1, y2) ∈ A2.
A subset S of vertices of a digraph D is a dominating set of D if N+[S] =
V (D). The domination number of a digraphD, denoted by γ(D), is the minimum
cardinality of a dominating set of D. A dominating set of D of cardinality γ(D)
is called a γ(D)-set. The domination number of digraphs was introduced by Fu
[5].
A dominating set S of a digraph D is called a total dominating set (TD-
set) of D if the subdigraph of D induced by S has no isolated vertex. The
total domination number of a digraph D, denoted by γt(D), is the minimum
cardinality of a TD-set ofD. A TD-set ofD of cardinality γt(D) is called a γt(D)-
set. The total domination number of digraphs was introduced by Arumugam et
al. [3], results on which could be found, for examples, in [7, 8].
Let G be a (undirected) graph with vertex set V (G) and edge set E(G).
The open neighborhood of a vertex v in G is the set N(v) = {u ∈ V (G) : uv ∈
E(G)}. For a positive integer k, we use P({1, 2, . . . , k}) to denote the set of all
subsets of the set {1, 2, . . . , k}. A k-rainbow dominating function (kRDF) on a
graph G is a function f : V (G) → P({1, 2, . . . , k}) such that for any vertex v
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with f(v) = ∅,
⋃
u∈N(v) f(u) = {1, 2, . . . , k}. The weight of a kRDF f is the
value ω(f) =
∑
v∈V (G) |f(v)|. The k-rainbow domination number of a graph G,
denoted by γrk(G), is the minimum weight of a kRDF on G. The concept of
rainbow domination in graphs was introduced by Bresˇar et al. [4] and has been
studied by several authors [10, 11, 12, 15, 16].
Amjadi et al. [2] extended the concept of rainbow domination in graphs to
digraphs. Let k be a positive integer. A k-rainbow dominating function (kRDF)
on a digraph D is a function f : V (D) → P({1, 2, . . . , k}) such that for any
vertex v with f(v) = ∅,
⋃
u∈N−(v) f(u) = {1, 2, . . . , k}. The weight of a kRDF
f is the value ω(f) =
∑
v∈V (D) |f(v)|. The k-rainbow domination number of a
digraph D, denoted by γrk(D), is the minimum weight of a kRDF on D. A
γrk(D)-function is a kRDF on D with weight γrk(D). Rainbow domination in
digraphs was studied in [9, 13] and elsewhere.
Recently, Ahangar et al. [1] proposed a variant of rainbow domination in
graphs, namely, total k-rainbow domination. The total k-rainbow dominating
function (TkRDF) on a graph G with no isolated vertex is a kRDF f on G
with the additional property that the subgraph of G induced by the set {v ∈
V (G) : f(v) 6= ∅} has no isolated vertex. The total k-rainbow domination number
γtrk(G) is the minimum weight of a TkRDF on G.
In this paper, motivated by the work in [1], we initiate the study of total
k-rainbow domination in digraphs. A kRDF f on a digraph D with no isolated
vertex is called a total k-rainbow dominating function (TkRDF) if the subdigraph
of D induced by the set {v ∈ V (D) : f(v) 6= ∅} has no isolated vertex. The total
k-rainbow domination number γtrk(D) is the minimum weight of a TkRDF on D.
A TkRDF on D with weight γtrk(D) is called a γtrk(D)-function. Note that the
total k-rainbow domination is a generalization of total domination since γtrk(D)
is the total domination number γt(D) when k = 1.
The rest of the paper is organized as follows. In the next section, we relate the
total k-rainbow domination number of digraphs to other domination parameters
such as domination number, total domination number and rainbow domination
number. In Sect. 3, we establish sharp bounds on the total k-rainbow domination
number of a digraph. Finally, in Sect. 4, we determine the total k-rainbow
domination number of the Cartesian product of directed paths.
3
2 Relations to other domination parameters
In this section, we shall relate the total k-rainbow domination number of digraphs
to other domination parameters such as domination number, total domination
number and rainbow domination number.
Theorem 2.1. Let k be a positive integer and let D be a digraph with no isolated
vertex. Then
γtrk(D) ≤ (k + 1)γ(D).
Moreover, if γtrk(D) = (k + 1)γ(D), then every γ(D)-set is a packing in D.
Proof. Let S be an arbitrary γ(D)-set and let S′ denote the set of vertices in S
that are isolated in D[S] (possibly, S′ = ∅). For each vertex v ∈ S′, we select
an out-neighbor or in-neighbor of v and denote it by v′. Let S′′ =
⋃
v∈S′{v
′}.
Clearly, S′′ ⊆ V (D)\S and |S′′| ≤ |S′| ≤ |S|. Now define the function f :
V (D) → P({1, 2, . . . , k}) by f(x) = {1, 2, . . . , k} for each x ∈ S, f(x) = {1} for
each x ∈ S′′ and f(x) = ∅ otherwise. Then f is a TkRDF on D and so
γtrk(D) ≤ k|S|+ |S
′′| ≤ k|S|+ |S′| ≤ (k + 1)|S| = (k + 1)γ(D), (1)
establishing the desired upper bound.
Suppose that γtrk(D) = (k+1)γ(D). Then we must have equality throughout
the inequality chain (1). In particular, |S| = |S′| = |S′′|, implying that S′ = S
and so D[S] is empty.
We next show that S is a packing in D. Suppose, to the contrary, that
there exist two distinct vertices u and v in S such that N+[u] ∩N+[v] 6= ∅. Let
w ∈ N+[u] ∩ N+[v]. Since u, v ∈ S and D[S] is empty, w ∈ N+(u) ∩ N+(v).
We now choose u′ = v′ = w where, as before, u′ and v′ are the out-neighbors
of u and v, respectively. With this choice of u′ and v′, we note that |S′′| <
|S′|, a contradiction. Hence for every pair of distinct vertices u and v in S,
N+[u] ∩N+[v] = ∅, implying that S is a packing in D. Thus, every γ(D)-set is
a packing in D.
Remark 2.2. It should be mentioned that if D is a digraph with no isolated
vertex such that each γ(D)-set is a packing in D, then it is not necessarily true
that γtrk(D) = (k + 1)γ(D). For example, for t ≥ k + 1, let D be the digraph
obtained from a directed star St with center v by adding two vertices x and y and
two arcs (x, y) and (y, v). One can verify that γ(D) = 2 and the set {x, v} is the
unique γ(D)-set, which is also a packing in D.
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However, the function f defined by f(v) = {1, 2, . . . , k}, f(u) = {1} for
u ∈ {x, y} and f(u) = ∅ for u ∈ V (D)\{v, x, y}, is a TkRDF on D, implying
that γtrk(D) ≤ ω(f) = k + 2 < 2(k + 1) = (k + 1)γ(D).
Remark 2.3. The upper bound of Theorem 2.1 is sharp. Let t ≥ 2 and let D de-
note the digraph obtained from the disjoint union of t directed stars Si1 , Si2 , . . . , Sit,
where ij ≥ k+2 for 1 ≤ j ≤ t, by selecting one leaf from every directed star and
adding any number of arcs joining these t selected leaves so that the resulting
digraph is connected. It is not difficult to verify that γ(D) = t.
Let f be an arbitrary γtrk(D)-function and let v be an arbitrary support vertex
of D. One can check that
∑
x∈N+[v] |f(x)| ≥ k + 1 and so γtrk(D) ≥ (k + 1)t =
(k + 1)γ(D). Moreover, by Theorem 2.1, γtrk(D) ≤ (k + 1)γ(D). Therefore, we
obtain γtrk(D) = (k + 1)γ(D).
Theorem 2.4. Let k be a positive integer and let D be a digraph of order n ≥ k
with no isolated vertex. Then
γt(D) ≤ γtrk(D) ≤ kγt(D).
Further, the following hold:
(a) The left equality holds if and only if there exists a γt(D)-set X which can
be partitioned into k nonempty subsets X1,X2, . . . ,Xk such that for each
i ∈ {1, 2, . . . , k}, V (D)\X ⊆ N+(Xi).
(b) The right equality holds if and only if there exists a γtrk(D)-function f
such that for each v ∈ V (D), either f(v) = {1, 2, . . . , k} or f(v) = ∅.
Proof. To prove the lower bound, let f be a γtrk(D)-function and let V0 = {v ∈
V (D) : f(v) = ∅}. We observe that V (D)\V0 is a TD-set of D and hence
γt(D) ≤ |V (D)\V0| ≤ ω(f) = γtrk(D).
To prove the upper bound, let X be a γt(D)-set. It is easy to see that the
function f : V (D) → P({1, 2, . . . , k}) defined by f(x) = {1, 2, . . . , k} for each
x ∈ X and f(x) = ∅ for each x ∈ V (D)\X, is a TkRDF on D and hence
γtrk(D) ≤ ω(f) = k|X| = kγt(D).
(a) Suppose that γtrk(D) = γt(D). Let γtrk(D) = γt(D) = n. Then X =
V (D) is a unique γt(D)-set. Since n ≥ k, X can be partitioned into k nonempty
subsets X1,X2, . . . ,Xk. We conclude that for each i ∈ {1, 2, . . . , k}, V (D)\X =
∅ ⊆ N+(Xi). So in the following we may assume that γtrk(D) = γt(D) < n.
Let f be a γtrk(D)-function, X0 = {v ∈ V (D) : f(v) = ∅}, Xi = {v ∈ V (D) :
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f(v) = {i}} for each i ∈ {1, 2, . . . , k} and let Xk+1 = V (D)\
⋃k
i=0Xi. Since
γtrk(D) < n, X0 6= ∅. We observe that X =
⋃k+1
i=1 Xi is a TD-set of D and hence
γt(D) ≤
∣∣ k+1⋃
i=1
Xi
∣∣ ≤
k+1∑
i=1
|Xi| ≤
k∑
i=1
|Xi|+ 2|Xk+1| ≤ ω(f) = γtrk(D). (2)
Since γtrk(D) = γt(D), we have equality throughout the inequality chain (2).
In particular, |Xk+1| = 0, X =
⋃k
i=1Xi and γtrk(D) = γt(D) =
∑k
i=1 |Xi|.
Hence for each i ∈ {1, 2, . . . , k}, every vertex in X0 has at least one in-neighbor
in Xi, and so Xi 6= ∅ and V (D)\X = X0 ⊆ N
+(Xi). Since Xi ∩ Xj = ∅ for
1 ≤ i < j ≤ k and X =
⋃k
i=1Xi, we have that {X1,X2, . . . ,Xk} is a partition
of X. Moreover, since X is a TD-set of D and γt(D) =
∑k
i=1 |Xi| = |X|, X is a
γt(D)-set.
Conversely, suppose that there exists a γt(D)-set X which can be partitioned
into k nonempty subsets X1,X2, . . . ,Xk such that for each i ∈ {1, 2, . . . , k},
V (D)\X ⊆ N+(Xi). Observe that the function g : V (D) → P({1, 2, . . . , k})
defined by g(x) = {i} for each x ∈ Xi (i ∈ {1, 2, . . . , k}) and g(x) = ∅ otherwise,
is a TkRDF on D and hence γtrk(D) ≤
∑k
i=1 |Xi| = |X| = γt(D). On the other
hand, as proven earlier, γtrk(D) ≥ γt(D). Consequently, we have γtrk(D) =
γt(D).
(b) Suppose that γtrk(D) = kγt(D). Let X be a γt(D)-set. It is easy to see
that the function f : V (D)→ P({1, 2, . . . , k}) defined by f(v) = {1, 2, . . . , k} for
each v ∈ X and f(v) = ∅ for each v ∈ V (D)\X, is a TkRDF on D with weight
kγt(D), implying that f is a γtrk(D)-function such that for each v ∈ V (D), either
f(v) = {1, 2, . . . , k} or f(v) = ∅.
Conversely, suppose that there exists a γtrk(D)-function f such that for each
v ∈ V (D), either f(v) = {1, 2, . . . , k} or f(v) = ∅. Let X = {v ∈ V (D) : f(v) =
{1, 2, . . . , k}}. Obviously X is a TD-set of D and so kγt(D) ≤ k|X| = γtrk(D).
On the other hand, as proven earlier, γtrk(D) ≤ kγt(D). As a result, we have
γtrk(D) = kγt(D).
Theorem 2.5. Let k be a positive integer and let D be a connected digraph of
order n ≥ max{k, 2}. Then
γrk(D) ≤ γtrk(D) ≤ 2γrk(D)− k + 1
and these bounds are sharp.
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Proof. Since every TkRDF on D is a kRDF on D, the lower bound holds. To
show the upper bound, let f be a γrk(D)-function, V0 = {v ∈ V (D) : f(v) = ∅}
and let V (D)\V0 = {v1, v2, . . . , vt}. Since γtrk(D) ≤ n, we may assume that
2γrk(D) − k + 1 < n. Note that n ≥ k. Therefore, we have γrk(D) < (n +
k − 1)/2 ≤ (2n − 1)/2, which implies that γrk(D) ≤ n − 1 and so V0 6= ∅. Let
X1,X2, . . . ,Xr be the connected components of D[{v1, v2, . . . , vt}] and let u be
a vertex of V0. Since u ∈ V0 must have in-neighbors in {v1, v2, . . . , vt}, we may
assume that N−(u) ∩ Xi 6= ∅ for each 1 ≤ i ≤ s. Obviously, s ≤ r. Moreover,
since
⋃
x∈N−(u) f(x) = {1, 2, . . . , k}, we have
∑s
i=1
∑
x∈Xi
|f(x)| ≥ k. Note that∑r
i=s+1
∑
x∈Xi
|f(x)| ≥ r − s. Consequently, we have
γrk(D) =
t∑
i=1
|f(vi)| =
s∑
i=1
∑
x∈Xi
|f(x)|+
r∑
i=s+1
∑
x∈Xi
|f(x)| ≥ k + (r − s),
implying that r − s ≤ γrk(D) − k. Since D is connected, we can chose a vertex
ui ∈ V0 for each s + 1 ≤ i ≤ r such that ui has an in-neighbor or out-neighbor
in Xi. Then the function g : V (D)→ P({1, 2, . . . , k}) defined by g(u) = g(ui) =
{1} for each s + 1 ≤ i ≤ r and g(x) = f(x) otherwise, is a TkRDF on D and
hence
γtrk(D) ≤ ω(g) ≤ ω(f) + r − s+ 1 ≤ 2γrk(D)− k + 1,
establishing the desired upper bound.
To prove the sharpness of the lower bound, let t ≥ 2 be an integer and letD be
the digraph obtained from the disjoint union of t directed stars Si1 , Si2 , . . . , Sit ,
where ij ≥ k + 1 for 1 ≤ j ≤ t, by adding any number of arcs joining the t
centers of these directed stars so that the resulting digraph is connected. One
can check that the function f : V (D) → P({1, 2, . . . , k}) that assigns the set
{1, 2, . . . , k} to every support vertices of D and the empty set to the remaining
vertices of D, is a γrk(D)-function and is also a γtrk(D)-function, implying that
γtrk(D) = γrk(D).
To prove the sharpness of the upper bound, let m be an arbitrary posi-
tive integer and let D be a digraph with vertex set V (D) = {x1, x2, . . . , xk,
y1, y2, . . . , ym} and arc set A(D) = {(xi, yj) : 1 ≤ i ≤ k and 1 ≤ j ≤ m}. One
can check that the function f : V (D) → P({1, 2, . . . , k}) that assigns the set
{i} to vi for 1 ≤ i ≤ k and the empty set to the remaining vertices of D, is a
γrk(D)-function with weight k, and the function g : V (D) → P({1, 2, . . . , k})
that assigns the set {i} to vi for 1 ≤ i ≤ k, {1} to y1 and the empty set to the
remaining vertices of D, is a γtrk(D)-function with weight k + 1. This implies
that γtrk(D) = 2γrk(D)− k + 1.
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3 General bounds
Our aim in this section is to present some sharp bounds on the total k-rainbow
domination number. We start with a simple but sharp lower and upper bounds
on total k-rainbow domination number of a digraph.
Proposition 3.1. Let k be a positive integer and let D be a digraph of order n
with no isolated vertex. Then
min{k, n} ≤ γtrk(D) ≤ n
and these bounds are sharp for any digraph of order n ≤ k with no isolated
vertex.
Proof. The upper bound is trivial. To show the lower bound, let f be a γtrk(D)-
function. If f(v) 6= ∅ for each v ∈ V (D), then clearly γtrk(D) = ω(f) = n. If
there exists some vertex, say v, of D such that f(v) = ∅, then
⋃
x∈N−(v) f(x) =
{1, 2, . . . , k} and hence γtrk(D) = ω(f) ≥
∑
x∈N−(v) |f(x)| ≥ |
⋃
x∈N−(v) f(x)| =
k, establishing the desired lower bound.
We will provide a sufficient condition to have γtrk(D) = n. For this purpose,
we first give a known result due to Hao and Qian [9].
Proposition A. ([9]) Let k be a positive integer and let D be a digraph of order
n with ∆− ≥ ∆+. If k > (∆−)2, then γrk(D) = n.
As an immediate consequence of Theorems 2.5, Theorem A and Proposition
3.1, we have the following corollary.
Corollary 3.2. Let k be a positive integer and let D be a digraph of order n
with ∆− ≥ ∆+ ≥ 1. If k > (∆−)2, then γtrk(D) = n.
Next result is an immediate consequence of Corollary 3.2.
Corollary 3.3. Let k ≥ 2 be an integer. If D is a directed path or a directed
cycle of order n, then γtrk(D) = n.
Now we characterize all digraphs D with γtrk(D) = k.
Theorem 3.4. Let k ≥ 2 be an integer and let D be a digraph of order n with no
isolated vertex. Then γtrk(D) = k if and only if D satisfies one of the following:
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(a) n = k.
(b) n ≥ k + 1 and there exists a set X = {v1, v2, . . . , vt} ⊆ V (D), where
2 ≤ t ≤ k, such that the induced subdigraph D[X] has no isolated vertex
and V (D)\X ⊆ N+(vi) for 1 ≤ i ≤ t.
Proof. Suppose that γtrk(D) = k. Let f be a γtrk(D)-function and let V0 =
{v ∈ V (D) : f(v) = ∅}. If V0 = ∅, then clearly n = γtrk(D) = k and so (a)
holds. If n < k, then it follows from Proposition 3.1 that γtrk(D) = n < k,
a contradiction. Hence we may assume that V0 6= ∅ and n ≥ k + 1. Let
v ∈ V0. Clearly,
⋃
x∈N−(v) f(x) = {1, 2, . . . , k}. Let v1, v2, . . . , vt be all vertices
in N−(v) such that f(vi) 6= ∅ for 1 ≤ i ≤ t. Then
∑t
i=1 |f(vi)| ≥ |
⋃t
i=1 f(vi)| =
|
⋃
x∈N−(v) f(x)| = k. On the other hand, obviously
∑t
i=1 |f(vi)| ≤ γtrk(D) =
k. As a result, we have
∑t
i=1 |f(vi)| = k. Moreover, since
⋃t
i=1 f(vi) =⋃
x∈N−(v) f(x) = {1, 2, . . . , k}, we obtain that {f(v1), f(v2), . . . , f(vt)} is a par-
tition of {1, 2, . . . , k} and so V0 = V (D)\{v1, v2, . . . , vt}. This implies that
D[{v1, v2, . . . , vt}] has no isolated vertex, 2 ≤ t ≤ k and V (D)\{v1, v2, . . . , vt} =
V0 ⊆ N
+(vi) for 1 ≤ i ≤ t. Thus (b) holds.
Conversely, suppose that one of the two conditions (a) and (b) in the state-
ment of the theorem holds. If (a) holds, that is, if n = k, then we conclude
from Proposition 3.1 that γtrk(D) = k. Suppose, next, that (b) holds. Ob-
serve that the function g : V (D) → P({1, 2, . . . , k}) defined by g(vi) = {i} for
1 ≤ i ≤ t− 1, g(vt) = {t, t+1, . . . , k} and g(x) = ∅ otherwise, is a TkRDF on D
and hence γtrk(D) ≤ k. On the other hand, it follows from Proposition 3.1 that
γtrk(D) ≥ min{k, n} = k. As a result, we have γtrk(D) = k, which completes
our proof.
Theorem 3.5. Let k be a positive integer and let D be a digraph of order n with
no isolated vertex. Then
γtrk(D) ≥
⌈
kn+ 1
∆+ + k
⌉
and this lower bound is sharp.
Proof. Let f be a γtrk(D)-function and let Vi = {v ∈ V (D) : |f(v)| = i} for
each i ∈ {0, 1, . . . , k}. Then γtrk(D) = |V1| + 2|V2| + · · · + k|Vk| and n = |V0|+
|V1|+ |V2|+ · · · + |Vk|. Let A
′ = {(u, v) : u ∈ V (D)\V0 and v ∈ V0}. Since f is
a γtrk(D)-function, there must exist two distinct vertices x, y ∈ V (D)\V0 such
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that (x, y) ∈ A(D)\A′ and so we obtain
k|V0| ≤
∑
(u,v)∈A′
|f(u)|
≤ ∆+(|V1|+ 2|V2|+ · · ·+ k|Vk|)− 1
= ∆+γtrk(D)− 1.
Consequently, we have
(∆+ + k)γtrk(D) = ∆
+γtrk(D) + kγtrk(D)
≥ k|V0|+ k(|V1|+ 2|V2|+ · · ·+ k|Vk|) + 1
= k(|V0|+ |V1|+ |V2|+ · · · + |Vk|) +
k(|V2|+ 2|V3|+ · · ·+ (k − 1)|Vk|) + 1
≥ kn+ 1,
which implies the desired bound.
We next consider the sharpness of this inequality. Let k = 1 and let P3
be a directed path of order 3. It is not hard to verify that γtrk(P3) = 2 and⌈
k|V (P3)|+1
∆++k
⌉
=
⌈
4
2
⌉
= 2, implying that γtrk(P3) =
⌈
k|V (P3)|+1
∆++k
⌉
. Let k ≥ 2
be an integer and let D be a digraph with vertex set V (D) = {u1, u2, . . . , uk,
v1, v2, . . . , vk} and arc set A(D) = {(vi, uj) : 1 ≤ i, j ≤ k} ∪ {(vi, vi+1) : 1 ≤ i ≤
k−1}. Let X = {v1, v2, . . . , vk}. It follows from Theorem 3.4 (b) that γtrk(D) =
k. Moreover, since |V (D)| = 2k and ∆+ = k + 1,
⌈
k|V (D)|+1
∆++k
⌉
=
⌈
2k2+1
2k+1
⌉
= k.
As a result, we have γtrk(D) =
⌈
k|V (D)|+1
∆++k
⌉
.
Theorem 3.6. For any digraph D with no isolated vertex and two positive in-
tegers k and k′ with k′ > k,
γtrk′(D) ≤ γtrk(D) + (k
′ − k)
⌊
γtrk(D)
k
⌋
and this upper bound is sharp.
Proof. Let f be a γtrk(D)-function. For each i ∈ {1, 2, . . . , k}, let Vi = {v ∈
V (D) : i ∈ f(v)}. It follows that γtrk(D) = ω(f) =
∑k
i=1 |Vi|. Without loss of
generality, we may assume that |V1| ≥ |V2| ≥ · · · ≥ |Vk|. Clearly |Vk| ≤ ⌊
γtrk(D)
k ⌋.
Then the function g : V (D)→ P({1, 2, . . . , k}) defined by
g(v) =
{
f(v) ∪ {k + 1, k + 2, . . . , k′}, if v ∈ Vk,
f(v), otherwise,
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is a Tk′RDF on D and hence
γtrk′(D) ≤ω(g)
=
∑
v∈Vk
|f(v) ∪ {k + 1, k + 2, . . . , k′}|+
∑
v∈V (D)\Vk
|f(v)|
=(k′ − k)|Vk|+
∑
v∈V (D)
|f(v)|
≤γtrk(D) + (k
′ − k)
⌊
γtrk(D)
k
⌋
,
establishing the desired upper bound.
To prove the sharpness, let t ≥ 2 and let D be the digraph obtained from the
disjoint union of t directed stars Si1 , Si2 , . . . , Sit , where ij ≥ k
′+1 for 1 ≤ j ≤ t,
by adding any number of arcs joining the t centers of these directed stars so
that the subdigraph induced by these t centers has no isolated vertex. One
can check that the function f : V (D) → P({1, 2, . . . , k}) that assigns the set
{1, 2, . . . , k} to every support vertices of D and the empty set to the remaining
vertices of D, is a unique γtrk(D)-function with weight kt; and the function
g : V (D) → P({1, 2, . . . , k′}) that assigns the set {1, 2, . . . , k′} to every support
vertices of D and the empty set to the remaining vertices of D, is a unique
γtrk′(D)-function with weight k
′t. Therefore, we obtain
γtrk′(D) = k
′t = γtrk(D) + (k
′ − k)
⌊
γtrk(D)
k
⌋
,
which completes our proof.
4 Cartesian product of directed paths
Let Pn denote the directed path of order n with vertex set V (Pn) = {0, 1, 2, . . . , n−
1} and arc set A(Pn) = {(i, i + 1) : i = 0, 1, 2, . . . , n− 2}.
In this section, we shall determine the exact values of γtr2(P2Pn), γtr3(P2Pn)
and γtr3(P3Pn). Now we consider the exact value of total 2-rainbow domina-
tion number of the Cartesian product P2Pn. To our aim, the following lemmas
are essential.
Lemma 4.1. Let n ≥ 2 be an integer and let f be a γtr2(P2Pn)-function such
that the number of vertices assigned ∅ under f is minimum. Then |f((0, 0))| +
|f((1, 0))| ≥ 2 and |f((0, j))| + |f((1, j))| ≥ 1 for each j ∈ {1, 2, . . . , n− 1}.
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Proof. Since d−((0, 0)) = 0, |f((0, 0))| ≥ 1. If |f((0, 0))| = 2, then |f((0, 0))| +
|f((1, 0))| ≥ 2 and if |f((0, 0))| = 1, then clearly |f((1, 0))| ≥ 1 and so |f((0, 0))|+
|f((1, 0))| ≥ 2. We now prove that |f((0, j))| + |f((1, j))| ≥ 1 for each j ∈
{1, 2, . . . , n−1}. Suppose, to the contrary, that there exists some j0 ∈ {1, 2, . . . , n−
1} such that |f((0, j0))|+ |f((1, j0))| = 0. Clearly f((0, j0−1)) = f((1, j0−1)) =
{1, 2}. Then the function g : V (D) → P({1, 2}) defined by g((0, j0 − 1)) =
g((0, j0)) = g((1, j0 − 1)) = g((1, j0)) = {1} and g((i, j)) = f((i, j)) otherwise, is
a T2RDF on P2Pn with weight ω(f) and so g is also a γtr2(P2Pn)-function,
a contradiction to the choice of f . Thus |f((0, j))| + |f((1, j))| ≥ 1 for each
j ∈ {1, 2, . . . , n− 1}.
Lemma 4.2. Let n ≥ 2 be an integer, f be a γtr2(P2Pn)-function such that
the number of vertices assigned ∅ under f is minimum and let aj = |f((0, j))|+
|f((1, j))| for each j ∈ {0, 1, . . . , n− 1}. Then for each j ∈ {0, 1, . . . , n− 2},
aj + aj+1 ≥ 3.
Proof. It follows from Lemma 4.1 that a0+a1 ≥ 3.We now claim that aj+aj+1 ≥
3 for each j ∈ {1, 2, . . . , n− 2}. Suppose, to the contrary, that there exists some
j0 ∈ {1, 2, . . . , n − 2} such that aj0 + aj0+1 ≤ 2. By Lemma 4.1, we have that
aj0 ≥ 1 and aj0+1 ≥ 1 and so aj0 + aj0+1 = 2. This implies that aj0 = aj0+1 = 1.
If |f((0, j0 + 1))| = 0 and |f((1, j0 + 1))| = 1, then f((0, j0)) = {1, 2} and
so aj0 ≥ 2, a contradiction. Hence we may assume that |f((0, j0 + 1))| = 1
and |f((1, j0 + 1))| = 0. Then {1, 2}\f((0, j0 + 1)) ⊆ f((1, j0)), implying that
|f((1, j0))| ≥ 1. Moreover, since aj0 = |f((0, j0))| + |f((1, j0))| = 1, we have
|f((1, j0))| = 1 and |f((0, j0))| = 0. Clearly, f((0, j0 − 1)) = {1, 2}. Since
|f((0, j0))| = |f((1, j0 + 1))| = 0 and |f((1, j0))| = 1, we conclude from the
definition of γtr2(P2Pn)-function that |f((1, j0 − 1))| ≥ 1. Then the function
g : V (P2Pn) → P({1, 2}) defined by g((0, j0 − 1)) = g((0, j0)) = {1} and
g((i, j)) = f((i, j)) otherwise, is also a γtr2(P2Pn)-function, a contradiction to
the choice of f . Consequently, aj + aj+1 ≥ 3 for each j ∈ {1, 2, . . . , n− 2}.
Proposition 4.3. For n ≥ 2,
γtr2(P2Pn) =
⌈
3n
2
⌉
.
Proof. Let f be a γtr2(P2Pn)-function such that the number of vertices as-
signed ∅ under f is minimum and let aj = |f((0, j))| + |f((1, j))| for each
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j ∈ {0, 1, . . . , n − 1}. By Lemmas 4.1 and 4.2, we have that a0 ≥ 2 and
aj + aj+1 ≥ 3 for each j ∈ {0, 1, . . . , n− 2}. Therefore, if n is odd, then
γtr2(P2Pn) = ω(f) = a0 +
(n−1)/2∑
j=1
(a2j−1 + a2j) ≥ 2 +
3(n − 1)
2
=
⌈
3n
2
⌉
,
and if n is even, then
γtr2(P2Pn) = ω(f) =
(n−2)/2∑
j=0
(a2j + a2j+1) ≥
3n
2
=
⌈
3n
2
⌉
.
To show the upper bound, we now provide a T2RDF g : V (P2Pn) →
P({1, 2}) defined by
g((i, j)) =


{1}, if i = 0 and j ∈ {0, 1, . . . , n− 1},
{2}, if i = 1 and j ∈ {0, 1, . . . , n− 1} is even,
∅, otherwise,
and so
γtr2(P2Pn) ≤ ω(g) = n+
⌈n
2
⌉
=
⌈
3n
2
⌉
,
which completes our proof.
Lemma 4.4. Let n ≥ 2 be an integer, f be a γtr3(P2Pn)-function such that
the number of vertices assigned ∅ under f is minimum and let aj = |f((0, j))|+
|f((1, j))| for each j ∈ {0, 1, . . . , n− 1}. Then for each j ∈ {0, 1, . . . , n− 1},
aj ≥ 2.
Proof. Suppose, to the contrary, that there exists some j0 ∈ {0, 1, . . . , n − 1}
such that aj0 ≤ 1. Assume that aj0 = 0. Clearly, f((0, j0−1)) = f((1, j0−1)) =
{1, 2, 3}. Then the function g : V (P2Pn) → P({1, 2, 3}) defined by g((0, j0 −
1)) = g((0, j0)) = g((1, j0 − 1)) = g((1, j0)) = {1} and g((i, j)) = f((i, j))
otherwise, is a T3RDF on P2Pn with weight ω(g) = ω(f)− 2, a contradiction.
Assume, next, that aj0 = 1. Suppose that |f((0, j0))| = 1 and |f((1, j0))| =
0. Then {1, 2, 3}\f((0, j0)) ⊆ f((1, j0 − 1)), implying that |f((1, j0 − 1))| ∈
{2, 3}. One can check that the function g : V (P2Pn) → P({1, 2, 3}) defined
by g((1, j0 − 1)) = g((1, j0)) = {1} and g((i, j)) = f((i, j)) otherwise, is a
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T3RDF on P2Pn. Thus, if |f((1, j0 − 1))| = 2, then g is also a γtr3(P2Pn)-
function, a contradiction to the choice of f ; and if |f((1, j0 − 1))| = 3, then
g is a T3RDF on P2Pn with weight ω(f) − 1, a contradiction. Suppose now
that |f((0, j0))| = 0 and |f((1, j0))| = 1. Clearly, f((0, j0 − 1)) = {1, 2, 3}. If
|f((1, j0 − 1))| = 0, then the function g : V (P2Pn) → P({1, 2, 3}) defined by
g((0, j0−1)) = g((0, j0)) = g((1, j0−1)) = {1} and g((i, j)) = f((i, j)) otherwise,
is a T3RDF on P2Pn with weight ω(f) and so g is also a γtr3(P2Pn)-function,
a contradiction to the choice of f . If |f((1, j0 − 1))| ≥ 1, then the function
g : V (P2Pn) → P({1, 2, 3}) defined by g((0, j0 − 1)) = g((0, j0)) = {1} and
g((i, j)) = f((i, j)) otherwise, is a T3RDF on P2Pn with weight ω(f) − 1, a
contradiction. Consequently, we have aj ≥ 2 for each j ∈ {0, 1, . . . , n− 1}.
Next we shall give the exact value of γtr3(P2Pn).
Proposition 4.5. For n ≥ 2,
γtr3(P2Pn) = 2n.
Proof. Let f be a γtr3(P2Pn)-function such that the number of vertices as-
signed ∅ under f is minimum and let aj = |f((0, j))| + |f((1, j))| for each j ∈
{0, 1, . . . , n−1}. We conclude from Lemma 4.4 that for each j ∈ {0, 1, . . . , n−1},
aj ≥ 2. This implies that γtr3(P2Pn) = ω(f) ≥ 2n. On the other hand, it
follows from Proposition 3.1 that γtr3(P2Pn) ≤ 2n. As a result, we obtain
γtr3(P2Pn) = 2n.
For any integer n ≥ 3, we next determine the value of γtr3(P3Pn). For this
purpose, we need some lemmas as follows.
Lemma 4.6. Let n ≥ 3 be an integer and let f be a γtr3(P3Pn)-function such
that the number of vertices assigned ∅ under f is minimum. Then for each
j ∈ {0, 1, . . . , n− 1},
|f((2, j))| ∈ {0, 1}.
Proof. It is not hard to verify that |f((2, n − 1))| ∈ {0, 1}. We now show that
|f((2, j))| ∈ {0, 1} for each j ∈ {0, 1, . . . , n − 2}. Suppose, to the contrary, that
there exists some j0 ∈ {0, 1, . . . , n − 2} such that |f((2, j0))| ≥ 2. If |f((2, j0 +
1))| ≥ 1, then the function g1 : V (P3Pn)→ P({1, 2, 3}) defined by g1((2, j0)) =
{1} and g1((i, j)) = f((i, j)) otherwise, is a T3RDF on P3Pn with weight
ω(g1) ≤ γtr3(P3Pn)−1, a contradiction. Hence we may assume that |f((2, j0+
1))| = 0. Now define the function g2 : V (P3Pn)→ P({1, 2, 3}) by g2((2, j0)) =
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g2((2, j0 + 1)) = {1} and g2((i, j)) = f((i, j)) otherwise. If |f((2, j0))| = 2, then
g2 is a T3RDF on P3Pn with weight ω(g2) = γtr3(P3Pn) and hence g2 is also a
γtr3(P3Pn)-function, a contradiction to the choice of f . If |f((2, j0))| = 3, then
g2 is a T3RDF on P3Pn with weight ω(g2) = γtr3(P3Pn)− 1, a contradiction.
Consequently, we have |f((2, j))| ∈ {0, 1} for each j ∈ {0, 1, . . . , n− 2}.
Lemma 4.7. Let n ≥ 3 be an integer and let f be a γtr3(P3Pn)-function
such that the number of vertices assigned ∅ under f is minimum. If there exists
j ∈ {0, 1, . . . , n− 1} such that |f((1, j))| = 1, then |f((2, j))| = 1.
Proof. Suppose that there exists j ∈ {0, 1, . . . , n − 1} such that |f((1, j))| = 1.
If |f((2, j))| = 0, then {1, 2, 3}\f((1, j)) ⊆ f((2, j−1)) and so |f((2, j−1))| ≥ 2,
a contradiction to Lemma 4.6. Thus |f((2, j))| ≥ 1. Moreover, since |f((2, j))| ∈
{0, 1} by Lemma 4.6, we have |f((2, j))| = 1.
Lemma 4.8. Let n ≥ 3 be an integer and let f be a γtr3(P3Pn)-function such
that the number of vertices assigned ∅ under f is minimum. Then for i ∈ {0, 1}
and j ∈ {0, 1, . . . , n − 1},
|f((i, j))| ≤ 2.
Proof. If |f((0, n − 1))| = 3, then the function g : V (P3Pn) → P({1, 2, 3})
defined by g((0, n− 1)) = {1}, g((1, n− 1)) = f((1, n− 1)) ∪ {1} and g((i, j)) =
f((i, j)) otherwise, is a T3RDF on P3Pn with weight ω(g) ≤ γtr3(P3Pn)− 1,
a contradiction. Thus |f((0, n − 1))| ≤ 2. Similarly, we have |f((1, n − 1))| ≤ 2.
We now claim that |f((i, j))| ≤ 2 for i ∈ {0, 1} and j ∈ {0, 1, . . . , n − 2}.
Suppose, to the contrary, that there exist i0 ∈ {0, 1} and j0 ∈ {0, 1, . . . , n − 2}
such that |f((i0, j0))| = 3. Assume that |f((i0, j0+1))| ≥ 1 or |f((i0+1, j0))| ≥ 1.
Without loss of generality, we may assume that |f((i0, j0 + 1))| ≥ 1. Then the
function g : V (P3Pn) → P({1, 2, 3}) defined by g((i0, j0)) = {1}, g((i0 +
1, j0)) = f((i0 + 1, j0)) ∪ {1} and g((i, j)) = f((i, j)) otherwise, is a T3RDF
on P3Pn with weight ω(g) ≤ ω(f) − 1, a contradiction. Assume now that
|f((i0, j0 + 1))| = |f((i0 + 1, j0))| = 0. Then the function g : V (P3Pn) →
P({1, 2, 3}) defined by g((i0, j0)) = g((i0 + 1, j0)) = g((i0, j0 + 1)) = {1} and
g((i, j)) = f((i, j)) otherwise, is a T3RDF on P3Pn with weight ω(g) = ω(f),
implying that g is also a γtr3(P3Pn)-function, a contradiction to the choice of
f . Therefore, we have |f((i, j))| ≤ 2 for i ∈ {0, 1} and j ∈ {0, 1, . . . , n− 2}.
Lemma 4.9. Let n ≥ 3 be an integer and let f be a γtr3(P3Pn)-function
such that the number of vertices assigned ∅ under f is minimum. If there exists
j ∈ {0, 1, . . . , n−2} such that |f((1, j))| = 2, then |f((1, j+1))| = |f((2, j))| = 0.
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Proof. Suppose that there exists j0 ∈ {0, 1, . . . , n − 2} such that |f((1, j0))| =
2. Assume that |f((1, j0 + 1))| ≥ 1 and |f((2, j0))| ≥ 1. Then the function
g : V (P3Pn) → P({1, 2, 3}) defined by g((1, j0)) = {1} and g((i, j)) = f((i, j))
otherwise, is a T3RDF on P3Pn with weight ω(g) = ω(f)− 1, a contradiction.
Assume that exactly one of |f((1, j0+1))| and |f((2, j0))| is equal to 0. Without
loss of generality, assume that |f((1, j0 + 1))| = 0 and |f((2, j0))| ≥ 1. Then the
function g : V (P3Pn)→ P({1, 2, 3}) defined by g((1, j0)) = g((1, j0+1)) = {1}
and g((i, j)) = f((i, j)) otherwise, is a T3RDF on P3Pn with weight ω(g) =
ω(f) and so g is also a γtr3(P3Pn)-function, a contradiction to the choice of
f . Therefore, we have |f((1, j0 + 1))| = |f((2, j0))| = 0, which completes our
proof.
Lemma 4.10. Let n ≥ 3 be an integer and let f be a γtr3(P3Pn)-function such
that the number of vertices assigned ∅ under f is minimum. Then |f((i, 0))| =
|f((0, j))| = 1 for each i ∈ {0, 1, 2} and j ∈ {1, 2, . . . , n− 1}.
Proof. By Lemma 4.8, |f((0, 0))| ≤ 2. If |f((0, 0))| = 2, then |f((1, 0))| ≥ 1
and |f((0, 1))| ≥ 1 and so the function f ′ : V (P3Pn) → P({1, 2, 3}) defined by
f ′((0, 0)) = {1} and f ′((i, j)) = f((i, j)) otherwise, is a T3RDF on P3Pn with
weight ω(f ′) = ω(f)− 1, a contradiction. Thus |f((0, 0))| ≤ 1. Moreover, since
d−((0, 0)) = 0, we obtain |f((0, 0))| = 1.
We now claim that |f((0, j))| = 1 for each j ∈ {1, 2, . . . , n − 1}. Note that
|f((0, j))| ≤ 2 for j ∈ {1, 2, . . . , n− 1} by Lemma 4.8. For the sake of contradic-
tion, we may assume that there exists j0 ∈ {1, 2, . . . , n−1} such that |f((0, j0))| ∈
{0, 2}. If |f((0, j0))| = 0, then clearly f((0, j0−1)) = {1, 2, 3}, a contradiction to
Lemma 4.8. Assume, next, that |f((0, j0))| = 2. Obviously |f((0, j0 + 1))| ≥ 1.
If |f((1, j0))| ≥ 1, then the function g : V (P3Pn) → P({1, 2, 3}) defined by
g((0, j0)) = {1} and g((i, j)) = f((i, j)) otherwise, is a T3RDF on P3Pn with
weight ω(g) = ω(f) − 1, a contradiction. If |f((1, j0))| = 0, then the func-
tion h : V (P3Pn) → P({1, 2, 3}) defined by h((0, j0)) = h((1, j0)) = {1} and
h((i, j)) = f((i, j)) otherwise, is a T3RDF on P3Pn with weight ω(h) = ω(f)
and so h is also a γtr3(P3Pn)-function, a contradiction to the choice of f .
Consequently, |f((0, j))| = 1 for each j ∈ {1, 2, . . . , n − 1}. Similarly, we have
|f((i, 0))| = 1 for each i ∈ {1, 2}.
Lemma 4.11. Let n ≥ 3 be an integer and let f be a γtr3(P3Pn)-function
such that the number of vertices assigned ∅ under f is minimum. If there exists
j ∈ {0, 1, . . . , n − 2} such that |f((1, j))| = |f((2, j))| = 1, then |f((1, j + 1))| +
|f((2, j + 1))| = 2.
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Proof. Suppose that there exists j0 ∈ {0, 1, . . . , n − 2} such that |f((1, j0))| =
|f((2, j0))| = 1. Note that |f((0, j0 + 1))| = 1 by Lemma 4.10. Thus |f((1, j0 +
1))| ≥ 1 and hence it follows from Lemma 4.8 that |f((1, j0 + 1))| ∈ {1, 2}.
Assume now that |f((1, j0 + 1))| = 1. Recall that |f((2, j0))| = 1. Then
|f((2, j0 + 1))| ≥ 1. Moreover, it follows from Lemma 4.6 that |f((2, j0 + 1))| ∈
{0, 1}, implying that |f((2, j0 + 1))| = 1. As a result, we get |f((1, j0 + 1))| +
|f((2, j0 + 1))| = 2.
Assume that |f((1, j0 + 1))| = 2. If j0 + 1 < n − 1, then we conclude
from Lemma 4.9 that |f((2, j0 + 1))| = 0 and so |f((1, j0 + 1))| + |f((2, j0 +
1))| = 2. Now let j0 + 1 = n − 1. If |f((2, j0 + 1))| 6= 0, then the function g :
V (P3Pn)→ P({1, 2, 3}) defined by g((1, j0 +1)) = {1} and g((i, j)) = f((i, j))
otherwise, is a T3RDF on P3Pn with weight ω(g) = ω(f)− 1, a contradiction.
If |f((2, j0 + 1))| = 0, then the function g : V (P3Pn)→ P({1, 2, 3}) defined by
g((1, j0+1)) = g((2, j0+1)) = {1} and g((i, j)) = f((i, j)) otherwise, is a T3RDF
on P3Pn with weight ω(g) = ω(f) and so g is also a γtr3(P3Pn)-function, a
contradiction to the choice of f .
The proof is completed.
Proposition 4.12. For n ≥ 3,
γtr3(P3Pn) =
{ ⌈
8n
3
⌉
+ 1, if n ≡ 0 (mod 3),⌈
8n
3
⌉
, if n ≡ 1, 2 (mod 3).
Proof. Let f be a γtr3(P3Pn)-function such that the number of vertices assigned
∅ under f is minimum and let aj =
∑2
i=0 |f((i, j))| for each j ∈ {0, 1, . . . , n− 1}.
Let j ∈ {0, 1, . . . , n − 3}. We now claim that aj + aj+1 + aj+2 ≥ 8. Note that
|f((1, j + 1))| ∈ {0, 1, 2} by Lemma 4.8. We now consider three cases.
Case 1. Suppose that |f((1, j + 1))| = 0.
If |f((2, j + 1))| = 0, then clearly f((2, j)) = {1, 2, 3}, a contradiction to
Lemma 4.6. Hence by Lemma 4.6, we have |f((2, j + 1))| = 1. Since |f((0, j +
1))| = 1 by Lemma 4.10 and |f((1, j+1))| = 0, we obtain {1, 2, 3}\f((0, j+1)) ⊆
f((1, j)) and so by Lemma 4.8, |f((1, j))| = 2. Then it follows from Lemma 4.9
that |f((2, j))| = 0. Moreover, since the subdigraph of P3Pn induced by the
set {v ∈ V (P3Pn) : f(v) 6= ∅} has no isolated vertex, |f((2, j + 2))| ≥ 1.
Recall that |f((0, j + 2))| = 1 by Lemma 4.10 and |f((1, j + 1))| = 0. Thus
|f((1, j + 2))| ≥ 1. Note that |f((0, j))| = |f((0, j + 1))| = |f((0, j + 2))| = 1 by
Lemma 4.10. Therefore, we conclude that aj + aj+1 + aj+2 ≥ 8.
Case 2. Suppose that |f((1, j + 1))| = 1.
If |f((1, j))| = |f((2, j))| = 0, then f((2, j−1)) = {1, 2, 3}, a contradiction to
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Lemma 4.6. Thus we have |f((1, j))| + |f((2, j))| ≥ 1. Since |f((1, j + 1))| = 1,
we conclude from Lemma 4.7 that |f((2, j+1))| = 1. And it follows from Lemma
4.11 that |f((1, j+2))|+|f((2, j+2))| = 2. Note that |f((0, j))| = |f((0, j+1))| =
|f((0, j + 2))| = 1 by Lemma 4.10. Therefore, we obtain aj + aj+1 + aj+2 ≥ 8.
Case 3. Suppose that |f((1, j + 1))| = 2.
It follows from Lemma 4.9 that |f((1, j + 2))| = |f((2, j + 1))| = 0, implying
that |f((2, j))| ≥ 1 and |f((2, j + 2))| ≥ 1 and so by Lemma 4.6, we obtain
|f((2, j))| = |f((2, j+2))| = 1. Now suppose that |f((1, j))| = 0. Moreover, since
|f((0, j))| = 1 by Lemma 4.10, {1, 2, 3}\f((0, j)) ⊆ f((1, j−1)) and so by Lemma
4.8, |f((1, j − 1))| = 2. We conclude from Lemma 4.9 that |f((2, j − 1))| = 0.
Note that |f((2, j − 1))| = |f((1, j))| = |f((2, j + 1))| = 0 and |f((2, j))| = 1.
This is a contradiction to the fact that the subdigraph of P3Pn induced by
the set {v ∈ V (P3Pn) : f(v) 6= ∅} has no isolated vertex. Therefore, we have
|f((1, j))| ≥ 1. Recall that |f((0, j))| = |f((0, j + 1))| = |f((0, j + 2))| = 1 by
Lemma 4.10. Therefore, we obtain aj + aj+1 + aj+2 ≥ 8.
By the above arguments, we have that for each j ∈ {0, 1, . . . , n − 3}, aj +
aj+1 + aj+2 ≥ 8. Since |f((0, 0))| = |f((1, 0))| = |f((2, 0))| = |f((0, 1))| = 1
by Lemma 4.10, we have that a0 = 3 and it follows from Lemma 4.11 that
|f((1, 1))|+ |f((2, 1))| = 2, implying that a1 = 3. Let n = 3k+ l ≥ 3, where k is
a positive integer and l ∈ {0, 1, 2}. If l = 0, then
γtr3(P3Pn) = ω(f) =
k−1∑
i=0
(a3i + a3i+1 + a3i+2) ≥ 8k =
⌈
8n
3
⌉
, (3)
if l = 1, then
γtr3(P3Pn) = ω(f) = a0 +
k−1∑
i=0
(a3i+1 + a3i+2 + a3i+3) ≥ 8k + 3 =
⌈
8n
3
⌉
,
and if l = 2, then
γtr3(P3Pn) = ω(f) = a0 + a1 +
k∑
i=1
(a3i−1 + a3i + a3i+1) ≥ 8k + 6 =
⌈
8n
3
⌉
.
If fact, if l = 0, then γtr3(P3Pn) ≥
⌈
8n
3
⌉
+1. Suppose, to the contrary, that
γtr3(P3Pn) =
⌈
8n
3
⌉
. Then we have equality throughout the inequality chain
(3), implying that a3i + a3i+1 + a3i+2 = 8 for each i ∈ {0, 1, . . . , n/3− 1}.
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Recall that |f((0, 0))| = |f((1, 0))| = |f((2, 0))| = |f((0, 1))| = |f((0, 2))| = 1
by Lemma 4.10. Suppose that |f((1, 1))| = 1. Moreover, since |f((2, 0))| = 1, we
have |f((2, 1))| ≥ 1 and so by Lemma 4.6, |f((2, 1))| = 1. It follows from Lemma
4.11 that |f((1, 2))| + |f((2, 2))| = 2. Consequently, we obtain a0 + a1 + a2 = 9,
a contradiction. Thus |f((1, 1))| 6= 1. Note that |f((1, 1))| ≤ 2 by Lemma
4.8 and |f((1, 1))| ≥ 1 since |f((0, 1))| = |f((1, 0))| = 1. Therefore, we have
|f((1, 1))| = 2 an so by Lemma 4.9, |f((1, 2))| = |f((2, 1))| = 0. This implies
that |f((2, 2))| ≥ 1 and hence by Lemma 4.6, we get |f((2, 2))| = 1. Since
|f((1, 2))| = |f((2, 1))| = 0 and |f((2, 2))| = 1, we conclude from the definition
of γtr3(P3Pn)-function that |f((2, 3))| ≥ 1 and so by Lemma 4.6, |f((2, 3))| = 1.
And it follows from Lemma 4.9 that |f((1, 3))| 6= 2. Moreover, since |f((0, 3))| =
1 by Lemma 4.10 and |f((1, 2))| = 0, |f((1, 3))| ≥ 1 and so we conclude from
Lemma 4.8 that |f((1, 3))| = 1. Repeating this process we can obtain that
|f((1, 3t + 1))| = 2 and |f((1, 3t + 2))| = |f((2, 3t + 1))| = 0 for 0 ≤ t ≤ n/3− 1
and |f((i, j))| = 1 otherwise. In particular, |f((1, n − 1))| = |f((2, n − 2))| = 0
and |f((2, n − 1))| = 1. This is a contradiction to the fact that the subdigraph
of P3Pn induced by the set {v ∈ V (P3Pn) : f(v) 6= ∅} has no isolated vertex.
As a result, if l = 0, then γtr3(P3Pn) ≥
⌈
8n
3
⌉
+ 1.
To show the upper bound, we now provide a T3RDF g : V (P3Pn) →
P({1, 2, 3}) as follows: if n ≡ 0 (mod 3), then the function g defined by
g((i, j)) =


{1, 2}, if i = 1 and j = 3t+ 1 for 0 ≤ t ≤ n/3− 1,
∅, if i = 1 and j = 3t+ 2 for 0 ≤ t ≤ n/3− 2,
or i = 2 and j = 3t+ 1 for 0 ≤ t ≤ n/3− 1,
{3}, otherwise,
and so
γtr3(P3Pn) ≤ ω(g) = 2×
n
3
+
(
3n −
n
3
−
2n
3
+ 1
)
=
⌈
8n
3
⌉
+ 1,
and if n ≡ 1, 2 (mod 3), then the function g defined by
g((i, j)) =


{1, 2}, if i = 1 and j = 3t+ 1 for 0 ≤ t ≤ ⌈(n− 1)/3⌉ − 1,
∅, if i = 1 and j = 3t+ 2 for 0 ≤ t ≤ ⌈(n− 2)/3⌉ − 1,
or i = 2 and j = 3t+ 1 for 0 ≤ t ≤ ⌈(n− 1)/3⌉ − 1,
{3}, otherwise,
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and so
γtr3(P3Pn) ≤ ω(g)
= 2×
⌈
n− 1
3
⌉
+
(
3n −
⌈
n− 1
3
⌉
−
⌈
n− 2
3
⌉
−
⌈
n− 1
3
⌉)
= 3n−
⌈
n− 2
3
⌉
=
⌈
8n
3
⌉
,
which completes our proof.
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